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This is a joint work with Professor Süleyman Önal.
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I should note that this work has not been completed yet.
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In this talk
we will introduce certain completeness properties in topological spaces
having a quasi-pair-base
and investigate some properties of the topological spaces having such
a base
and also investigate which spaces have such a base.
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A Little Motivation
µCech-completeness
One of the most known completeness property is the completeness of
metric spaces while the other one being completeness of topological spaces
in the sense of µCech.
A space is µCech-complete if it is homeomorphic to a Gδ-subset of a
compact space.
It is well known that for metrizable spaces µCech-completeness is equivalent
to complete metrizability.
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A Little Motivation
Subcompactness
One of the generalisations of completeness of metric spaces is
subcompactness.
Denition (Subcompact space)
A space X is called subcompact if it has a base B of nonempty open
subsets with the property that every regular open lter base F in B has
nonempty intersection. Such a base B is called a subcompact base for X .
Denition (Regular lter base)
A regular open lter base on a space X is nonempty collection of open
sets F such that for any G ,H 2 F there is F 2 F such that F  G \H.
Çetin Vural ( Gazi University) Some New Completeness Properties... 6 / 41
A Little Motivation
Subcompactness
One of the generalisations of completeness of metric spaces is
subcompactness.
Denition (Subcompact space)
A space X is called subcompact if it has a base B of nonempty open
subsets with the property that every regular open lter base F in B has
nonempty intersection. Such a base B is called a subcompact base for X .
Denition (Regular lter base)
A regular open lter base on a space X is nonempty collection of open
sets F such that for any G ,H 2 F there is F 2 F such that F  G \H.
Çetin Vural ( Gazi University) Some New Completeness Properties... 6 / 41
A Little Motivation
Subcompactness
It is known that for metrizable spaces, subcompactness is equivalent to
µCech-completeness.
So, for metrizable spaces, subcompactness is equivalent to complete
metrizability.
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A Little Motivation
Domain Representability
Another completeness property is the domain representability.
A space X is called domain representable if it can be represented as the
space of maximal element of some continuous directed complete partial
order, namely domain or model, with the Scott topology.
Since we are going to use a di¤erent characterization, let us not dwell on
this denition of domain representability.
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A Little Motivation
Domain Representability
Fortunately, Fleissner and Yengulalp gave a simplied characterization of
domain representablity, in
[7] W. Fleissner and L. Yengulalp, From subcompact to domain
representable, Topol. Appl. 195 (2015) 174-195
and then we have slightly changed it by using the downward directedness
instead of upward directedness, and carriying out the required adjustments.
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A Little Motivation
Simplied characterization of domain representability
The triple (P,, ϕ) represents the topological space X and X is called
domain representable if
D1-) The family fϕ (p) : p 2 Pg of nonempty open sets is a base for X ,
D2-)  is transitive relation on P,
D3-) for all p, q 2 P, p  q implies ϕ (p)  ϕ (q) ,
D4-) for all x 2 X , fp 2 P : x 2 ϕ (p)g is downward directed,
D5-) if F  P and (F ,) is downward directed, then Tp2F ϕ (p) 6= ∅.
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A Little Motivation
Domain Representability
In
[1] H. Bennett and D. Lutzer, Domain Representable spaces, Fund.
Math.189 (3) (2006) 255-268
Bennett and Lutzer proved that µCech-complete spaces are domain
representable.
(Unfortunately, it is not known yet whether µCech-complete spaces are
subcompact or not.)
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A Little Motivation
Domain Representability
They also proved that subcompact regular spaces are domain
representable, in
[2] H. Bennett and D. Lutzer, Domain-representability of certain complete
spaces, Houston J. Math.34 (3) (2008) 753-772.
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A Little Motivation
Generalised subcompactness
Fleissner and Yengulalp also introduced the concept of generalised
subcompactness.
A space X is generalised subcompact if there are B and  satisfying
G1-) B is a family of nonempty open sets which is a base for X ,
G2-)  is a transitive and antisymmetric relation on B,
G3-) B  B 0 implies B  B 0, for B,B 0 2 B.
G4-) if x 2 X , then fB 2 B : x 2 Bg is downward directed by ,
G5-) if F  B and (F ,) is downward directed, then TF 6= ∅.
Such a base B is called a generalised subcompact base for X .
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A Little Motivation
Generalised subcompactness
Yengulalp proved that generalised subcompactness is equivalent to domain
representability, in
[13] L. Yengulalp, Coding strategies, the Choquet game, and domain
representability, Topol. Appl. 202 (2016) 384-396.
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Some New Completeness Properties
Pair-collections
Now, I will talk about our proposed completeness properties, but rst
pair-collections.
Let P? (X ) be the set of all nonempty subsets of the topological space X .
A pair-collection P = (A,B) : A  B	 in X is a collection of subsets of
P? (X )P? (X ) together with the partial order
" (A,B) (C ,D) if and only if B  C ."
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Some New Completeness Properties
Pair-collections
Let P be a pair-collection.
A subset F of P is called a lter base in P if for any
(A,B) , (C ,D) 2 F there exists (E ,F ) 2 F such that
(E ,F ) (A,B) and (E ,F ) (C ,D) .
A nonempty subset H of P is said to have the nite intersection
property (f.i.p) if
T
(A,B )2S B 6= ∅ for every nite subfamily S of P .
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Some New Completeness Properties
Completeness of pair-collections
Let P be a pair-collection.
Denition (Complete pair-collection)
P is complete if T(A,B )2F B 6= ∅ for every lter base F in P .
Denition (Countably complete pair-collection)
P is countably complete if T(A,B )2F B 6= ∅ for every countable lter
base F in P .
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Completeness of pair-collections
Let P be a pair-collection.
Denition (L-complete pair-collection)
P is L-complete if T(A,B )2F B 6= ∅ for every lter base F in P wheneverT
(A,B )2C B 6= ∅ for every countable subfamily C of F .
Denition (p-complete)
P is p-complete if T(A,B )2H B 6= ∅ for every subfamily H of P having
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Some New Completeness Properties
Completeness of pair-collections
We have the following relations between aforementioned completeness
properties of pair-collections:
p-complete ) complete ) L-complete.
We also have
countably complete + L-complete ) complete.
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Some New Completeness Properties
Pair-base
Denition (Pair-base)
Let P = (A,B) : A  B	 be a pair-collection in the topological space X .
P is called a quasi-pair-base for the space X if for every x 2 X and every
open neighborhood U of x there is (A,B) 2 P such that x 2

A and
B  U. A quasi-pair-base P is called a pair-base for the space X if all As
are open.
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Some New Completeness Properties
Pair-base
We observe that if a space X has a complete quasi-pair base
Q = (A,B) : A  B	 ,
then
P =
 
A,B

: (A,B) 2 Q

is a complete pair-base for the space X .
Hence we have that
the space X has a complete quasi-pair-base if and only if X has a
complete pair-base.
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MAIN RESULTS
Hereafter, all spaces are assumed to be regular.
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MAIN RESULTS
Theorem
Subcompact spaces have a complete pair-base.
Sketch of proof
Let X be a subcompact space and B is a subcompact base for X . Then
P = (U,V ) : U,V 2 B and U  V	
is a complete pair-base for X .
Çetin Vural ( Gazi University) Some New Completeness Properties... 23 / 41
MAIN RESULTS
Theorem
Subcompact spaces have a complete pair-base.
Sketch of proof
Let X be a subcompact space and B is a subcompact base for X . Then
P = (U,V ) : U,V 2 B and U  V	
is a complete pair-base for X .
Çetin Vural ( Gazi University) Some New Completeness Properties... 23 / 41
MAIN RESULTS
Theorem
If the topological space X has a complete pair-base, then every base for X
is a generalised subcompact base, and hence it is domain representable.
Sketch of proof
Suppose P is a complete pair-base and B is any base for X . Dene the
relation  on B by the rule:
U  V if and only if U  A  B  V for a (A,B) 2 P ,
for each U,V 2 B. Then B and  satisfy G1  G5, and hence B is
generalised subcompact base for X .
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MAIN RESULTS
The above two theorems tell us;
the property of having a complete pair-base lies somewhere between
subcompactness and domain representability.
subcompactness ) having a complete pair-base ) domain representability
Çetin Vural ( Gazi University) Some New Completeness Properties... 25 / 41
MAIN RESULTS
The above two theorems tell us;
the property of having a complete pair-base lies somewhere between
subcompactness and domain representability.
subcompactness ) having a complete pair-base ) domain representability
Çetin Vural ( Gazi University) Some New Completeness Properties... 25 / 41
MAIN RESULTS
The property of having a complete pair-base shows similarities with
subcompactness and domain representability.
It is known that subcompactness is hereditary with respect to open
subspaces, and domain representability is hereditary with respect to
Gδ-subspaces, and both of them is closed under nite unions and arbitrary
unions of open subspaces.
As for the property of having a complete pair-base;
it is hereditary with respect to open subspaces,
it is hereditary with respect to dense Gδ-subspaces.
It is closed under nite unions.
It is closed under arbitrary unions of open subspaces.
Let us go through the outlines of proofs.
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Theorem
If the topological space X has a complete pair-base then every open
subspace of X has such a base.
Proof.
Let P be a complete pair-base for X , and let O be an open subspace of
X . Dene the family Q = f(A,B) 2 P : B  Og . It is clear that the
family Q is a pair-base for O. Since every lter base in Q is a lter base in
P , we have T(A,B )2F B 6= ∅ for every lter base F in Q. Hence Q is
complete.
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Theorem
If a topological space has a complete pair-base, then every dense Gδ-subset
of it has a complete pair-base.
Sketch of proof
Suppose that Y is a topological space having a complete pair-base and X
is a Gδ-subset of Y . Let P be a complete pair-base for Y and
fGn : n 2Ng be a decreasing family of open subsets of Y such that
X =
T
n2N Gn. Dene the number
δ (V ) =

max

n 2N : V  Gn
	
, V * Gk for a k 2N,
∞ , otherwise,
for each open subset V of X . The family
PX = f(U,V ) : U,V  X open, UX  V , δ (U) > δ (V ) if δ (V ) < ∞,
and 9 (A,B) 2 P ; U  A  B  V g
is a complete pair-base for X .
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Theorem
The union of two spaces having a complete pair-base has a complete
pair-base.
Sketch of proof
Let X = Y [ Z , and let Q and R be complete pair-bases for Y and Z ,
respectively. Then the family
P = f(A,B) : A,B  X , A is open, A  B, (A\ Y ,B \ Y ) 2 Q or
(A\ Z ,B \ Z ) 2 Rg
is a complete pair-base for X .
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MAIN RESULTS
Here is one more common trait with subcompactness and domain
representability.
Theorem
If X is a topological space and O is a family of open subspaces having a
complete pair-base, then
SO has a complete pair-base.
Sketch of proof
Let O = fOα : α 2 κg where κ is a cardinal number. We can assume that
X =
S
α2κ Oα. Let Pα be a complete pair-base for Oα, for each α 2 κ. The
family
P = [
α2κ
n
(A,B) 2 Pα : B *
[
β<α
Oβ
o
is a complete pair-base for X .
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MAIN RESULTS
Since compact spaces have a complete pair-base, we can assert the
following:
Corollary
µCech-complete spaces have a complete pair-base.
We note again that it is an open problem whether µCech-complete spaces
are subcompact or not.
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Theorem
p-spaces have an L-complete pair-base.
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p-spaces have an L-complete pair-base.
First, we recall that the internal characterization of p-spaces given by
Burke.
A space X is p-space if and only if there exists a sequence fOn : n 2Ng
of open covers of X satisfying:
If On 2 On and Tn2NOn 6= ∅, then
i ) Tn2NOn is compact,
ii ) Tin Oi : n 2N	 is an outer network for the set Tn2NOn.
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p-spaces have an L-complete pair-base.
In one of our incomplete manuscripts with Önal, we have obtained that
perfect images of domain representable spaces are domain representable.
So, we can state
Corollary
Let X be a paracompact p-space. If X has a countably complete pair-base
then X is µCech-complete.
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Paracompact p-spaces having countably complete pair-base are µCech-complete
Proof.
Let Q be a countably complete pair-base for X . Since X is p-space, X has
also an L-complete pair-base R by the previous theorem. Then the
composition of the families Q and R,
P = Q R = f(A,D) : 9B,C ; (A,B) 2 Q, (C ,D) 2 R and B  Cg
is a complete pair-base for X . Therefore X is domain representable. At the
same time, we know that paracompact p-spaces are the perfect pre-images
of metric spaces. So, we have a metric space Y and a perfect onto map
f : X ! Y , and hence Y is domain representable. Since domain
representability is equivalent to µCech-completeness in metrizable spaces,
we have the space Y is µCech-complete. Hence the space X is
µCech-complete by 3.9.10. Theorem in [5] .
[5] Ryszard Engelking, General Topology, Heldermann Verlag, Berlin, 1989.
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retracts
We are still investigating the maps that leaves having a complete pair-base
invariant. At the moment, all we can say is it is "partially" invariant under
retractions.
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retracts
First, let us recall that a retraction from the topological space Y onto a
subspace X of Y is a continuous map r : Y ! X such that r (x) = x for
all x 2 X , and if that is the case, X is called a retract of Y .
It is proved that retracts of domain representable spaces are domain
representable in
[11] S. Önal and Ç. Vural, Domain representability of retracts, Topol.
Appl. 194 (2015) 1-3.
It is still an open question whether retracts of subcompact spaces are
subcompact.
We could not obtain that the property of having a complete pair-base is
preserved under retractions but obtained the following:
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retracts
Theorem
Every retract of a space having a p-complete pair-base has a complete
pair-base.
Sketch of proof
Let the space Y have a p-complete pair-base P and let X be a retract of
Y with the retraction r : Y ! X . Then the family
PX = f(A\ X , r (B)) : (A,B) 2 Pg
is a complete quasi-pair-base for X . So, X has a complete pair-base.
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